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SEVERAL INTEGRAL CONDITIONS OF OSCILLATION FOR
THIRD ORDER LINEAR DIFFERENTIAL EQUATION

JITENDRA KUMAR PATI, DHIRENDRA KUMAR DALAI

ABSTRACT. A generalized oscillation criteria for the equation ym + p(t)y/ +
q(t)y = 0 with p(¢t) <0, q(t) > 0 and p’(t) — ¢(t) > 0 where t€l, I = (a,00) C
(0,00) is established. At the end, proof of the original Theorem (1.3) by
Lazer [10] on oscillation has been revisited taking into account various type of
substitutions.

1. INTRODUCTION

Consider the differential equation

v +pt)y +a(t)y =0 (1.1)
where p, ¢, p’-is-a~-mapping from I — R;, I = ( ;00) @(0,100)yR-=-(—00, 00), are
continuous.

Let us take two-cases

> 0rtel (1.2)
and k&

p(t) 90,p.(t) — q(t) > 0,tel (1.3)
We consider only nontriv1a]1{lylon,of 1.1). Such a-solution is called oscillatory
on [ if it has arbitrarily largeizeros, otherwise it is called non oscillatory on I.

Equation (1.1)is said.to.be osczllatory on I if it has-atleast one oscillatory solu-
tion. [ r
Consider the differential equation

y Fpt)y +a)y=0 / (1.4)
where p, q,p’ is a mapping from I — R, I = (a,00) C (0,00), R = (—00,00), are
continuous.

Let us take two cases

p(t) < 0,q(t) > 0,tel (1.5)

and
p(t) <0,p'(t) —q(t) > 0,tel (1.6)

We consider only nontrivial solution of (1.1).

Such a solution is called oscillatory on I if it has arbitrarily large zeros, otherwise
it is called non oscillatory on I. Equation (1.1)is said to be oscillatory on I if it
has atleast one oscillatory solution.
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Equation(1,1)is said to be of class I on I if and only if every solution y of (1.1)
with y(c) = y'(c) =0, y"(¢) > 0, c€la, 0], has the property that y(¢) > 0 in (a,c) ,
in (¢, 00).

Equation(1,1)is said to be of class IT on I if and only if every solution y of (1.1)
with y(c) =y/'(¢) =0, y”(c) > 0, c€[a, o0}, has the property that y(¢) > 0 in (¢, c0).

2. SOME USEFUL ASSERTIONS

The following assertions are helpful in deriving the structure of solutions of
equation(1.1). The proofs of these assertions may be omitted since they are similar
to proofs in the references.

It may be noted that if y is a solution of equation (1.1) then —y is also the so-
lution of this equation.So concerning non oscillatory solutions of (1.1), we restrict
our attention only to positive ones.

Lemma 2.1. Let (1.2) hold and y be a_nontrivial non oscillatory solution of (1.1).
Then there exist b > a such that
y(t)y'(6) <0 (2.1)
or
y(®)y'(£) = 0,y(t) # 0 (2.2)

for every t >b.—Further more , some positive solution y of type (2:1)satisfies
y(t) > 0, y" (=<0 (t) 0, y”'.(t '<0fo llt>a and

tlim y (t h‘fn v X‘hm y(t)'= k=t=oo (2.3)

Proof. Follow [10;-Eemmal.l ,Lendmasl. 3%, Theorem 1.1.];[5+-Eemma 2.2].

/ ~ =

Lemma 2.2. Let (1.2) hold. Then there ezist a positive solution y of (1.1) with
property (2.1) . : . o~

Proof. Follow [10 ; Thegrem 1.1]. 4 O

thm2.1| Theorem 2.3. Let (1.2)hold. A necessary and sufficient condition for (1.1) to
be oscillatory is that for any non trivial non oscillatory solution vy, the condi-
tion(2.1)hold.

Proof. Follow [10; Theorem 1.2]. O

thm2.2| Theorem 2.4. Let (1.2)hold and equation (1.1) be oscillatory. Then any non os-
cillatory solution y satisfies
lim y(t) =0

t—o0o

Proof. Follow [8]. O
thm2.3| Theorem 2.5. Let the equation is
v +alt)y +bt)y +c(t)y =0 (2.4)
where

a € C*([o,),R),b € C([o,00),R),c € C([o,0),R),0 € R.
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The equation is oscillatory if and only if all the non oscillatory solution of the
second order differential equation

2 4322 +a(t)z + 22+ at)2 +b(t)z+c(t) =0 (2.5)
are eventually negative.

Proof. Suppose that all non oscillatory solution of (2.5) are eventually negative.
We have to show that the given equation (2.4) admits an oscillatory solution.

If possible let all solutions of (2.4) be non oscillatory.

So there exist at least one non oscillatory solution u(t) of (2.4) which does not
satisfy the condition w(t)u'(t) < 0. Without any loss of generality we may take
u(t) > 0 for t >ty > 0. So it follows that u'(t) > 0 for t > t; > to.

Now taking
u'(t)
)=t >t
BUNTORE
v =zuand v’ = 2Zu+u'z , w" = 2"u+ 22'u 4 2u”, so equation (2.4) becomes
2"y + 3z2y+ 22y ¥ a2’y + az’y Fbzy+cy =0
further it simplifiesto

2322 + a2 = —(2° +az® + bz +weles (2.6)

Hence (2.3)-admits an cﬂlatory seluho.n\Conversely suppose-that (2.4)has an
oscillatory solution.

If possible let-z(t )be @ posfwe 0{1{&0‘ atory solution of (2.5). It may be
sa

So z(t) is a nonnegative njrn oscillatory solution of (2.5), a-contradiction.

verified that J(¢)-=-eap( [ sitive increasing selution-of (2.4),which is
a contradiction.
Hence the proof is complete(‘il O

thm2.4| Theorem 2.6. Suppose thcﬁ'a(t)zo, b(t)<0;7¢(t)>0 and a (t)<0. If

/JO"{Qa;(t)_a(t)?)b(Z ol 3% <a2§t)—bﬁ')>3/2}dt:oo o

then (2.4) admits oscillatory solutions. |
S

Proof. Let y(t) be a non oscillatory solution of (2-"21)
so it follows that there exist a tg € [o, 0o] such thaty’(t) < 0 or > 0 for t € [tg, o0],

It is sufficient to prove that y(t)y’(¢) > 0 for t > to does not hold.
Lety(£)y/(1) > 0.t > fo.

Setting
/
t
uty = LD 45 g
y(t)
we see that u(t) is a solution of the second order Riccati equation
2"+ 322 +a(t)z = —F(u(t),t) (2.8)

where F(u(t),t) = u?(t) + a(t)u®(t) + b(t)u(t) + c(t). It is obvious that F(u(t),t)
attains minimum value for u(t) > 0 at

—a(t) + v/ (a?(t) = 3b(t))
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The minimum of F(u(t),t) is given by

2a3(t)  a(t)b(t) 2 (d(t) 3/2
27 3 “(t)m( 3 b(t)>
So
a3 a a2 3/2
u”(t)+3u(t)u'(t)+a(t)u’(t)§—{227(t)— (t)gb(thc(t)—gjg( ?Et)—b(t)> }

Integrating the above inequality from ¢y to ¢ we obtain

u'(t) < u'(to) + gu2(t0) + a(to)u(to) — qu(t) —a(t)u(t) + / a'(s)u(s)ds

to

L ()

3 { 2a(s) a(s)b(s)
27 3

</ to) + St o) = [

to

gy [ o2(5)
e —b d
3\/'< - <S>> j
This in turn-implies.that

: hm u ‘ov
This completes.the Proof of the theo O

Definition 2.1. In partlcuy when'p(t) = 0,q(t) >-0;4-€ I, there is the well
known oscillation criteria fof{ 1,» ofrthe form

/ t2=<q(t)dt=00
5 . - o~

J

for some € > 0. . - .

Definition 2.2. Equation(1.1)is said to have pr-ef)erty Aif'each solution y of this
equation is either oscillatory or satisfies condition (2.3).

Remark 2.1. From Theorems 2.1 to 2.4 , it follows that equation(1.1) is oscilla-
tory if and only if it has the property A.

Remark 2.2. We conclude that, in order to prove the equation (1.1) is oscillatory,
it is sufficient to prove that (1.1) does not have any non oscillatory solution of type
(2.2).

Remark 2.3. By Kneser criterion the basic condition for equation (1.1) to be
oscillatory, if t2p(t) < it > 0.
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SEVERAL INTEGRAL CONDITIONS 5

3. PRELIMINARIES

The aim of this paper is to establish several integral criterion for oscillation of
equation (1.1) based on the condition (1.2) and (1.3).

Earlier some paper works has been done by [17], [18] with following Remarks
and Theorems.

Remark 3.1. If 2¢(¢t) — p'(¢t) > 0 and not identically zero in any subinterval of I
and there exist a number m < % such that the second order differential equation
"’ + [p(t) + miq(t)]u = Ois oscillatory, then equation (1.1)is oscillatory.

If y is any nonzero solution of (1.1) with Fy(c)] < 0(c > a) then y is oscillatory,
where Fly(t)] = 2y()y"(t) — (4)2(5) + p(O)y2(2).

Remark 3.2. Let 0 < t?p(t) < 1 and ¢(t) > 0.
P be the polynomial in the variable z as

p2)=2" =32" + (2 + °p(t))z + 2q(t),;t > 0
Then

e

plz)> t3q(t) + t2p(t) — 3% {1 - t2p(t)} e (3.1)

| [
for allz21—2\/%. R |
The right hand side of (3.1)is the localminimuin of P at the point

20— 1+ /I >

Lemma 3.1. If 2q(t) —p &)= 0 andnot identically-zero—in any subinterval of I
and y is a non oscillatory ‘s*vlmn\éf (1.1)which-is eventually non negative with

Fly(c)] <0, then there exist a number d > ¢ such thaty(t) > 0, y'(¢t) > 0, y’(t) > 0
and y'"'(t) <0 for t>d. . . o~

Remark 3.3. Any solution y with a zero, that is y(t*) = 0, satisfies F[y(t*)] <0 .
thm3.1| Theorem 3.2. Let hypothesis of lemma (3.1) ho_'l)d and _in addition t*p(t) < % for

all t > 0. If
/Oo {th(t) +tp(t) — 3L\/§>t (1 — t2p(t)> ’ }dt =00 (3.2)

then equation (1.1)is oscillatory. In fact, any solution y which satisfies Fy(t*)] <0
for some t* > a, is oscillatory.

[V

Proof. Let y be a solution of (1.1)which satisfies F[y(t9)] < 0 for some ¢y > a. Then
by lemma 3.1, y is oscillatory or y(t)y’(¢t) > 0 for all sufficiently large ¢t. suppose
without loss of generality that y(¢) > 0, 3/'(¢t) > 0 for all ¢t > b > t,.

Let

so z(t) > 0 with ¢/

’ 2,/ 2
z2z'y 2%y 2%y 2yz
t72+ 12 7t73+t73

zy 0 z'y
t
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Hence equation(1.1) becomes
2" 3z 22 322 z 2yz
s y+—y+i+ p(t) +a(t)y = 0.

So z satisfies the second order Riccati equation

{(t,z)’ + gf — 4z}l + 1{2‘3 — 322+ (2+tp(t)z + t3q(t)} =0, (3.3)

with the help of Remark 3.2 and Theorem 2.4 we may write

{tor+ 32 -0 < - {ea0 + 20 - 2o - o)t = o0,

for all t > b.
Integrating the above inequality from b to t > b we get

{tz(t)}+‘;’z() Azt <k0—/Q

where k, is a constant.

Now 322(t) —4z(t)>—3 using z = 1 — 24/ 1_@—”(” and-t%p(t) < 1.
Integrate the_above.inequality from b to t > b gives
t s

< k'2 + k‘lt —|' )'duds (34)

NIl

where ki = ko5 and kz ‘k

so it follows from (3.2 and 3 4) m{t < 0 for sufficiently large ¢, which
contradicts positivity of z.

so equation (1.1)-can-not hate any solution with preperty-y(t)y’(t) > 0 for all
large t. N

By lemma 3.1 equation (Ti)-ls oscillatory.

This completes the proof of the Theorem. ([

thm 3.2| Theorem 3.3. Let 0 SrtQp(t) < { anng(t) > 0, te ol
If (3.2) is satisfied , then-'t‘ilny non oscillatory solution of ([l .1) has property

thm y(t)=0. S
Proof. Follow [17; Theorem 2].
O
thm3.3| Theorem 3.4. (Extension of Theorem 3.1) Let (1.2)hold. If
/Oo {t2 (t) + tp(t) 2 (1 t2 (t))g}dt
— — = 0
q p 3/3t p
then equation(1.1) is oscillatory.
Proof. This is the extension of process as in Theorem 3.1 by taking
— 42 y'(t
JONE
for the completion of the theorem, follow [18,Theorem 3.3]. O
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4. MAIN RESULT

In this section our main aim is to derive several integral conditions regarding

oscillation of (1.1) with an extension of conditions and suppositions of [10], [17],
[18] by different substitutions.

We have the following Theorems and assumptions which are easily followed.

Lemma 4.1. Let p(t) < 0,q(t) > 0 hold and Q be the polynomial
in the variable z,where

33 22 nin —1) n
Qz) = e L + ( 2 +p(t)>z +q()t"™, t>0.

Then

1oaa o 1 NP | ,
Q(z) > fzn"f‘”*3 + §n2(n —1)t3n3 4 inp(t)tfﬂ"*1 + q(t)t*"

2 n— 3 2 2 %_
ot (G = ) = Q) (4.1)

1
%
for all z > zg atzg= t"‘l{% + 32 (n — ”TZ — t2p(t)) }

Here the right -hand side of (4.1) is the local minimum of-Q at the point z.

Proof. Let - I ' \ '
23 22) | (A
Q== S (\%\—Q H) - vatorsr=o.
Further let
F(u(t),t) ?u?’ (6) g (H)u?(t) + b(t)ult)y+c(t) (4.2)

with a view to use the concept that the equation g™+ a(t)y” + b(t)y’ + c(t)y =0 is
oscillatory if and only if all nontescillatory solutions of the second order differential
equation, i.e, Riccati' equation _ _ pu
2" +8z2lek alt)e' w2® A al) 2" + b(t)2 +.c(t) = 0

are eventually negative. Following, u(t) = %,DZ to is a §Llution of the second
order Riccati equation ) '

2"+ 322 +a(t)r = —F(u(t),t),

where a(t) = —3nt"~1, b(t) = ["(721) +p(t)]t2”, c(t) = q(t)t3™.

F(u(t),t) attains a minimum value at the point

3

_Lf3 9 aon—2 n(n—1) on
_3{2nt —|—\/4nt 3 e +p(t) |t

2 3
= ¢! B +33 (n - % - th(t)> }
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So the local minimum of Q exists at the point

2 3
2 =t B +32 (n - % - t2p(t)> } .

Now the minimum of F(u(t),t) is given by

2a%(t)  a(t)b(t) 2 [a(t) 3/2
— t) — —— —b(t . 4.3
s~ e - o (S - (13)
This becomes
133n3 L A B VAT S 3n—1
1" t 3( 5" (n—1)t an(t)t
—|—q(t>t3n _ 2 (3 2t2n 2 n(n _ 1)t2n—2 —p(t)t2n> E’
3v3\4
which simplifies to
1 1 1 .
71n3t3"_3 o §n2 [ 1)1 5np(t)t3”—1 +q(t)t*"
- 4 <3n2 —nn—1)— t2p(t)> E. (4.4)
3v3\4 | .

Next, we show that Q(z) is an mctleasmg fuI&lon for whichhQ(2)>Q(20) at 2.

3= - 2 "
QEI= ;—n - 5”% + (n( : i +p(t)>z+q(t)t",t >0
S0
1 3 -1
Q'(2) :%, L % +p(t) = 0. (4.5)
Hence

Q' (2 )[— 22— 3nzt" "L + nfn — D2 F2 £ p(2)t?.
Taking A =3,B = — Drn 1_,,(; =n(n = 1)t272 + p(t)t27,
—4AC =2 (5@,% +4n — 4_§|2p(t)>.

Q'(z) > 0 occurs when t > 0, t2"=2 > 0 and D > 0, this causes
a>0,b% —4ac < 0 where a = 5,b = 4,c = —4t%p(t).

the discriminant is

So 16 + 80t?p(t) < 0 implies 5t%p(t) < —1 which shows that
t?p(t) < —% < 7 satisfies the oscillation criteria.

As Q'(z) > 0, so Q(2) is an increasing function. Hence Q(z) > Q(2).

So
1 1 1
Q(z) > —Zn3t3"*3 + 5n"’(n —1)t3n3 ¢ gnp(t)t?’“*l + q()t*"
~ 2 (3 -1~ (1)) = Q)
3v3 1 o
This completes the proof of the lemma. |
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Theorem 4.2. (Extension and generalization of Theorem 3.1 and Theorem 3.3.)
Let p(t) <0,q(t) > 0 hold. If

0 1 . 1 1
/ { [4""' - 2"2] B O

3 2 an3 n’ 2 :
" — ——t2" " n— — —t°p(t dt = o, 4.6
s G (RE S OO (46
then equation (1.1) is oscillatory forn € (2 — V3,2 + \/§)

Proof. Let y be non oscillatory solution of (1.1). Suppose without loss of generality
that y is positive. We prove that y cannot have the property that y(¢)y’(t) > 0,
y(t) # 0 for every ¢t > b.

To prove this we assume the contrary, i.e., y(t) > 0,y'(t) > 0,t > b > a.

Now we denote

2(t) =t t>b.
y(t)
So z(t) > 0.
Now ; \
P 2 2 nyz
gLz g ny
tn tn {n n+1
and 22"y’ y" Ly | 2nzgdl  2nyZ  mlmeDyz
" &
— tn i tn + n M AR N 1 + tn+2 :
So equation—(1-1) becomes VA
22"y 22 P vy L 27%&’& nyz’ n(n+Lyz 2y
Pl U T Y i )+ q(t)y = 0.
tn {2n 2n t2n+1 {n tn+ tn-‘r tn+2 tn
Thus /l \
322 22 32 N7 Mz’ n(n+ 1)z
™ 2n ol Ty 2 +p(t)z + q(t)t" =0.
Hence it is easy to veTrlfy z satisfies the seeond order Riccati equation
322 2nz 3;' 3 nz~ (nn—1 4
ST rﬁ” st 2 TR |+q T=0 @
J

By Lemma 4.1 we have .

2 li
<ZI+3Z2TLZ> §|: j‘l 3t3’l’L 3+;n (nil)t?)nf?)

+1np(t)t3"71 + ()3 — 373 2 <3n2 —n(n—-1)— t2p(t)> 2] = —Q(20)

2 3\[
for all t > b.
Integrating the above inequality from b to t > b, we get
3 2
GqQ;_”ﬂ<%—/Qm (4.8)
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And
n? 1 n? \/ n?+1
42 __ _ =

\/n tp(t)>\/4+n 1 TR
as t?p(t) < 1.
So

3 13 n?+1 5n

b . n > Z4n . =y

2z(t) 2nt" T > 215 {\/§< n 1 -
Hence

) o-se) =
mm}x;w—l[_@w n_nﬂ

—d— (" & n2+1

For the sake-of-our-convenience it may be supposed that

3222z j zi r7x2i s N n2+1}
—— > =" o 3 - = —1\/n—
244 t - L6 N W V3 4
In particularfor.n.= 2, the value oﬁt{ ight hand side.is —15—2 > —%.
So

3 25, 2nz 8
L7 s 2
t” t — 3
Wlththecondltlonn74(71 1) >016,|n 2f<V3or2—vV3<n<2++3.
Integrating both sides of the'inequality (4.8) again from b to ¢ > b, we get

(t)g +k2t— ]/ / <z0 jduds (4.9)

where 4 J g _,,|
Ifl = Z(b) =+ gb — kob, k2 = ko + g
So following (4.6) and (4.9), we obtain that z < 0 for sufficiently large ¢.
This contradicts the fact that z is non negative. Therefore equation (1.1) can
not have any solution with the assumed property.
We get a proof of the theorem.
O

thm4.2| Theorem 4.3. Let (1.3)hold. If
1 1 1
/ { [4713 - 2712] 33 4 57110(1§)t3"_1

+ {p’(t) - q(t)] 3 — %tf”"—f” [n - —

then equation (1.1)is oscillatory.
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Proof. By condition(1.3) we have p’(t) — q(¢t) > 0,
so the equivalent equation of (1.1) under this condition is

M”+p(M'%FKUq@ﬂyO~ (4.10)

Now by results of Hanan [7, theorem 3.3, lemma 2.9], equation(4.10) is of classI,
so equation (1.1)is of class I1.

hence, by [7;Theorem 4.7], equation(1.1)is oscillatory if and only if equation
(4.10) is oscillatory. So, applying Theorem 4.1 to equation (4.10), we obtain proof
of the theorem. O

thm4.3| Theorem 4.4. Let (1.2) hold. If

[ o 5o o=

Then equation (1.1) is oscillatory

Proof. The proof of the Theorem may be followed with an important observation.
O

Important Observation. Earlier by Lazer [10;Theorem1.3]-the-theorem has been
proved by using-eertain substitution for z.

Here we are-focusing on the extension of the theorem with-different-substitutions
for z(t) to get-the-second o der Rlccatl equat n, which yieldsthe-integral condition
for oscillation-ef-(1.1)

Proof. Let us-consider the equatlon
y" + aySN +ecy=0 (4.11)

compare with original-equation(1%l) Wwe have a = 0,-b-=p(t), ¢ = ¢(t). Let y be
the solution of(4.11) and e 1vakn‘dy solution of (1:1) with an assumption that y
is any non oscillatory solutiom.

Suppose without less-of generality ¢ is-positive. We prove that y cannot have
the property (2.2). To prove this we assume the contrary i.ey(t) > 0, y'(¢t) > 0 for
t>b>a. e

Let we denote |

y o J
2ty = et -
(t) ”
Soz>0ast>0
By this
r Yz
et

et et et
w Yz 2z 2yz’ oy yz 2z
et et et et et et
Hence (4.11) yields
2" 322 (a—2)2
et e2t el -
22 (a—3)22 (1—a+b)
T Bt e2t et ¢
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Letting % = «, we have the above equation becomes
o’ +3aa’ +ad’ = —(a® + aa® +ba + ¢

So «(t) satisfies the second order nonlinear Riccati equation. Here a = 0,b = p(t),
¢ =q(t) and «a(t) > 0 Hence

o +3ad = — <a3 +p(t)o + q(t)) (4.12)
Letting
F (a(t)7 t) =a® +p(t)a+q(t)
we have by (2.8), the minimum of the function F(a(t)7 t> is given by

2a¢®  ab 2 a2

e s I S ol Y
w3t 34 Y
which yields
9 3
t)— — | —p(t
o0~ | -0
So from (4.12) we obtain
= 3 2 3
— = < — - —— = — 4.1
(o2 5o) = 5T (- )3 (1.13)
Integrate the-inequality (4

13)109‘|th|r sidesﬁm‘bv t > b we have

ORENG S SORD
DS (- o)

o/ (t) —» —oo
’ -

So

as t — 400 and by giVQIrl condition.
Consequently a(t) Would"é'lventmally ‘roecome negative, which contradicts the as-
sumption that a(t) is positive and y(€)y!(¢) = 0 for ¢ >'0. T
So (1.1) is oscillatory, since the second order P(lrlccati equation does not admit a
non oscillatory solution that is eventually positive by referring Theorem (2.3). O

Example 4.1. Consider the differential equation

y" = (1—e )y +(

3V3

Here p(t) = —(1 —e ) <0, q(t) = % +b>0.
So

+b)y=0,b=0 (4.14)

[ -z’
7/0 {ng 3\/5(1+26 SeH g )]dtJroo
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So by the Theorem (4.3),
the equation has oscillatory solution.

Remark 4.1. Following the proof of the theorem 4.3,
we may observe the extension of the theorem 4.3 by more different substitutions
as follows.

thm4.4| Theorem 4.5. Let (1.1) hold.If

Ia [q@)—;@(—p(t))g]dt:oo

Then equation (1.1) is oscillatory.

Proof. In this case only we show how the equation (1.1) will be modified to a second
order non linear Riccati equation by taking different substitutions. Remaining steps
for the proof are easily followed from Theorem (4.3).

Substitution 1. Let z(t) = e’t%, obviously z >0
With this y/ = yze', y= y'zet 4+ y2'et + yzet, y" =4l ze® + yz2'e? + yz2e? +
2y'2' et + 2y zet +yzel F 2yZ'et + yzet
So equation(l.1)becomes
e 352 2 L et 8 2z’et + (1 + plaettg =0

By letting zet"= a we ﬁndthe relatlon '

+}oab/ + a\w W’ <. (4.15)

Substitution 2.-Let z(t) = e”y obvl 2 O
2 .
By this y = e'Lta y e’l.t ze%f and y”/ = ezn % %_23{5 + e'Lt - i
So equation (1.1) becomeJ
B 322 3% 2zz’ P 2 B
s v o v o T g o TP +a(t) =0
By letting & = « { | | 1
we find the relation . = g
o’ +3ac’ +a + pa +4¢=0. _,| (4.16)

Substitution 3. Let z(t) = cost% = <e”+2e_”> %

It is obvious z > 0

So vy’ = yzsect, Yy’ = y'zsect + yz'sect + yzsecttant and y'" = y' z%sec’t +
3yzz'sec?t + 3yz?sec’ttant + yz' sect + 2yz' secttant + yzsec*ttant + yzsec3t

So equation(1.1) becomes
23sec®t+322' sec’t+32%sect ttant+2" sect+22' secttant+zsec* ttant+zsec> t+pzsect+q = 0
By letting zsect = o we also get the relation
o+ 3a0/ + o +pa+q=0 (4.17)
Similarly we may try for different substitutions as z = sinty—/7sinht%,cosht%etc.

After computing the relation (4.15), (4.16), (4.17) we may proceed for the proof
of the theorem 4.4 by referring the procedure of theorem 4.3. (]
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Theorem 4.6. Let (1.3)hold.If
[ (0 -a) - 25 (- o0) 3ot = (4.18)

Then equation(1.1)is oscillatory.
Proof. For proof follow the theorem 4.2 under the condition (1.3).

([l
Remark 4.2. Let p(t) = 0 and ¢(¢) > 0 for tel.
So 1 1 2
3,3n—3 2,3n—3 3n—3
-n°t —=n"t > ——=t .
4 2 ~ 33
Then
n3 — 2n? 2
> .
4 3v3
This yields
2
t tSn > t3n73
g(t)t™" = 33
or 3 ,
tqt) > —= > ——.
40 2 5 F "85
So y"" + q#)y-=-=05q(t) > 0, is oscillatoryif -
10 2 N2
limin ft3q(t) > ' 4.19
R Ry 5 (4.19)
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